ABSTRACT. Using the first exit time for Brownian motion from a smoothly bounded domain in Euclidean space, we define two natural functionals on the space of embedded, compact, oriented, unparametrized hypersurfaces in Euclidean space. We develop explicit formulas for the first variation of each of the functionals and characterize the critical points.
INTRODUCTION

In this note we study two natural variational problems on the space of embedded, compact, oriented, unparametrized hypersurfaces in Rd which bound a connected open domain. We denote this space by SH(Rd). Given S E SH(Rd), let D = D(S) be the domain bounded by S and let IDI be the volume of D. Let -rs be the first exit time of Brownian motion from D(S); that is, TS
We characterize the critical points of A in the following theorem. )au 8w k on S.
where O/O9v is the normal derivative along S and k is a constant. Moreover, S is a critical point of A if and only if S is a sphere, and the functional is maximized at spheres.
We prove Theorem 1.1 by obtaining an explicit formula for the first variation of the functional A (see Proposition 3.1). Our strategy is similar to the approach used in [KM] for the average expectation functional, B(S) = 1 fD Ex(-rs) dx. We use It6's formula to express A in terms of a solution of a Poisson problem on D(S). We then use Hadamard's classic approach of domain variation to obtain formulas for the variation of the functional A in terms of the Green's function for the domain D(S). Finally, we use symmetric rearrangement to prove that spheres define global maxima for the functional A.
Let x0 
BASIC RESULTS AND DEFINITIONS
Let (Q, B) be a measurable space and {PX}XERd a family of probability measures on (Qu, B). Let {Wt}tzo denote d-dimensional Brownian motion for which Px{Wo = x} = 1, for x E lRd. For each x E iRd, we will denote the expected value of a random variable Y under the probability measure Pa by Ex (Y).
Let SH(RId) be as in the introduction, and note that SH(lRd) is a Frechet manifold. Given a point S e SH(Rd), we can identify the tangent space at S with the space of smooth vectorfields normal to S. The space of smooth vectorfields normal to S can be naturally identified with the space of smooth functions on S, and we obtain an identification: TsSH(lRd) 
-CO(S). By definition, it is clear that SH(IRd, x0) is an open set in SH(IRd). Moreover, it is a Frechet manifold with tangent space at S given by C??(S).
Given S E SH(Rd) and f E C'(S), a normal variation of S in the direction of f is a one-parameter family {Se} C SH(Id), =e -{y E Rd : y = a +of (cr)V(u), a e S}, where v(u) is the outward-pointing unit normal vector to S at a and, for e sufficiently small, the map F: SSe defined by F(a) = y is a diffeomorphism. Normal variations allow us to introduce coordinates in a neighborhood of a point S E SH(IRd). The coordinates near S are given by the space C (S), and it is in these coordinates that all the computations are carried out.
Given We will also need the following lemma, which follows from the maximum principle. 
